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We consider mixed strongly gravitating configurations consisting of a wormhole threaded by two
types of ordinary matter. For such systems, the possibility of obtaining static spherically symmetric
solutions describing compact massive central objects enclosed by high-redshift surfaces (black-hole-
like configurations) is studied. Using the standard thin accretion disk model, we exhibit potentially
observable differences allowing to distinguish the mixed systems from ordinary black holes with the
same masses.
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I. INTRODUCTION
It is now commonly believed that objects described by solutions with an event horizon – black holes (BH) – can
exist in the Universe [1]. In the simplest case it can be the well-known exact spherically symmetric solution found by
Schwarzschild in 1916, immediately after the creation of Einstein’s general relativity. However, even 100 years later,
the physical reality of such a mathematical solution is still sometimes questioned, essentially because it is so far not
possible to prove unambiguously that astrophysical BH candidates really possess an event horizon [2, 3]. Therefore,
it seems that there is no a priori reason to exclude from consideration astrophysical objects that do not have an event
horizon but are able to mimic the main observational characteristics of BHs.
In this connection, the literature in the field offers alternative types of configurations which, from the point of view
of a distant observer, would look almost like BHs but would have no horizon and singularity – the so-called black
hole mimickers (BHM). Among them are boson stars [4, 5], gravastars [6–8], and wormholes [9–11]. Obviously, the
properties of gravitational fields produced by such objects will depend on the particular BHM configuration. Then it
will manifest itself, for example, in considering the process of accretion of matter onto objects of this kind. Because
of the differences in their external geometry, one might expect changes both in the structure of accretion disks and in
their emission spectra.
In the present paper we consider a mixed relativistic configuration consisting of a wormhole filled by ordinary
matter. In this way we suggest one more possible way to mimic a “black-hole-like” configuration. (By the latter, as in
the case of other objects of this kind, we mean a compact massive central object enclosed by a high-redshift surface.)
In our previous works [12–20] we have already studied systems of this kind in various aspects of the problem. In
particular, using the obtained equilibrium neutron-star-plus-wormhole configurations, some issues concerning possible
astrophysical manifestations associated with the presence of nontrivial topology in the system have been considered.
Namely, in Ref. [17] the passage of light – radiated from the surface of a neutron star – through a throat of a wormhole
has been studied. It was shown that in this case there is a characteristic distribution of the intensity of the light
which differs from the one obtained when considering the case where radiation does not pass through the throat. In
principle, such an effect could be observed by instruments with sufficiently high resolution. In Ref. [19] the influence of
the nontrivial topology on the structure of the interior magnetic field of mixed systems supported by neutron matter
modeled by isotropic and anisotropic fluids have been demonstrated. Here we would like to continue searching for
other potentially observable astrophysical manifestations shared by mixed star-plus-wormhole systems. In the process,
our purpose will be twofold: (i) we demonstrate the possibility that BHM solutions can be obtained in such mixed
systems; (ii) we reveal potentially observable effects which distinguish such systems from other BHMs considered in
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In doing so, we first construct static spherically symmetric solutions whose nontrivial topology is provided by the
presence of a ghost scalar field. This type of fields are now widely used in modeling the accelerated expansion of the
present Universe [21]. With the opposite sign in front of its kinetic energy term, such a field violates the null energy
condition that may lead to the appearance of a nontrivial wormholelike topology. The aim of the present work is to
study possible observational differences between mixed systems and ordinary BHs with the same masses.
The important observational manifestations of BHs are the effects associated with a process of accretion of sur-
rounding matter onto a BH. For thin accretion disks, the energy released in such a process is ∼ 6% to 42% (depending
on the spin of the black hole) of the rest mass of the accreting matter, and this energy may be converted into observ-
able radiation [1]. Calculations of the accretion flow onto a BH and the emitted radiation pattern are, in general, very
difficult. But since our purpose here is just to reveal the differences between the accretion onto BHs and our mixed
systems but not a more or less realistic modeling of the accretion process in itself, we restrict ourselves to the con-
sideration of a relatively simple model. Namely, we will consider a steady-state accretion process for a geometrically
thin and optically thick accretion disc orbiting the mixed configurations. To reveal the differences, we will compare
our results with those obtained for BHs with the same masses.
The paper is organized as follows. In Sec. II we present the general-relativistic equations for the mixed systems
under consideration and describe two particular choices of the equation of state for ordinary matter. In order to obtain
black-hole-like solutions, in Sec. III we numerically solve these equations with different choices for the parameters of
the systems. To demonstrate the observational differences between the obtained mixed systems and ordinary BHs, in
Sec. IV we consider the process of thin-disk accretion onto such configurations and compare the energy fluxes emitted
from the disk’s surface. Finally, in Sec. V we discuss and summarize the obtained results.
II. STATEMENT OF THE PROBLEM
We will consider a mixed system containing two types of fluid: (i) an ordinary fluid satisfying all energy conditions,
and (ii) an exotic fluid violating the null energy condition. For the ordinary fluid, one can take in principle any form
of fluid. For example, it could be ordinary matter that stars are made of, including neutron stars [12–14, 17, 19, 20],
or dark matter, but it could also comprise electromagnetic fields [22, 23], chiral fields [15], Yang-Mills fields [16], or
complex scalar fields [18].
As regards the exotic fluid, we will consider a situation where its presence gives rise to a nontrivial wormholelike
spacetime topology of the system. Modeling of such a fluid can be done in many ways, both within the frameworks
of general relativity and when considering modified theories of gravity.
A. General equations
To demonstrate a possibility of obtaining black-hole-like solutions for the aforementioned mixed systems, let us
consider a situation where:
(i) Ordinary matter is modeled by an isotropic perfect fluid, i.e., by a fluid with equal radial and tangential pressures.
Its energy-momentum tensor is
T ki(fl) = (ε+ p)uiu
k − δki p , (1)
where ε, p, and ui are the energy density, the pressure, and the four-velocity of the fluid, respectively.
(ii) Exotic matter is described by one ghost scalar field ϕ, i.e., by a field with the opposite sign in front of its kinetic
energy term, with the following energy-momentum tensor:
T ki(sf) = −∂iϕ∂kϕ− δki
[
−1
2
∂µϕ∂
µϕ− V (ϕ)
]
, (2)
where V (ϕ) is the potential energy.
A necessary condition for providing a nontrivial wormhole topology in the system is the violation of the null energy
condition, Tikn
ink ≥ 0, where Tik = T ki(fl)+T ki(sf) and ni is any null vector. In our case this implies that the following
inequalities are satisfied (at least in some region of spacetime): T 00 − T 11 < 0, T 11 > 0.
For the mixed system under consideration, it is convenient to use polar Gaussian coordinates. The metric then
reads
ds2 = eν(dx0)2 − dr2 −R2dΩ2, (3)
3where ν and R are functions of the radial coordinate r only, dΩ2 is the metric on the unit two-sphere, and the time
coordinate x0 = c t. Then the corresponding components of the energy-momentum tensor take the form
T 00 = ε−
1
2
ϕ′2 + V, (4)
T 11 = −p+
1
2
ϕ′2 + V, (5)
T 22 = T
3
3 = −p−
1
2
ϕ′2 + V. (6)
We will consider here the simplest situation when ordinary matter is located in the central region of the system.
The center is described by the value of the radial coordinate r = 0, which corresponds to a throat or an equator. The
term center thus refers to the extremal surface, located symmetrically between the two asymptotically flat regions.
We also assume that the matter has a maximum density at the center. (For cases of a shifted maximum density, see
Refs. [19, 20].) Also, without loss of generality, we can set the value of the scalar field at the center to ϕ(0) = 0, but
we note that ϕ′(0) 6= 0. Then the potential of the scalar field can be expanded in the neighborhood of the center as
ϕ ≈ ϕ1r + 1
6
ϕ3r
3, (7)
where ϕ1 is the derivative at the center, the square of which corresponds to the “kinetic” energy of the scalar field.
In further calculations we will use this kinetic energy to introduce dimensionless variables.
Taking into account the components of the fluid energy-momentum tensor (4)-(6), the (00), (
1
1), and (
2
2) components
of the Einstein equations with the metric (3) take the form
−
[
2
R′′
R
+
(
R′
R
)2]
+
1
R2
=
8πG
c4
T 00 , (8)
−R
′
R
(
R′
R
+ ν′
)
+
1
R2
=
8πG
c4
T 11 , (9)
R′′
R
+
1
2
R′
R
ν′ +
1
2
ν′′ +
1
4
ν′2 = −8πG
c4
T 22 , (10)
where the prime denotes differentiation with respect to r.
The general equation for the scalar field ϕ is
1√−g
∂
∂xi
(√−ggik ∂ϕ
∂xk
)
=
dV
dϕ
. (11)
Using the metric (3), this equation gives
ϕ′′ +
(
1
2
ν′ + 2
R′
R
)
ϕ′ = −dV
dϕ
. (12)
Because of the conservation of energy and momentum, T ki;k = 0, not all of the Einstein field equations are indepen-
dent. Taking the i = 1 component of the conservation equations gives
dT 11
dr
+
1
2
(
T 11 − T 00
)
ν′ + 2
R′
R
[
T 11 −
1
2
(
T 22 + T
3
3
)]
= 0. (13)
Taking into account the components (4)-(6), and also Eq. (12), we obtain from Eq. (13)
dp
dr
= −1
2
(ε+ p)
dν
dr
. (14)
Keeping in mind that the pressure and the energy density of ordinary matter are related by some equation of state
(EOS), we have four unknown functions – R, ν, p, and ϕ – for which there are five equations, (8)-(10), (12), and
(14), only four of which are independent. We will consider below two types of EOS, used both in describing compact
astrophysical objects and in modeling dark matter. In both cases, for simplicity, we assume that the scalar field is
massless and has no self-interaction, i.e., that V = 0.
4B. Polytropic EOS
Consider first the case of ordinary (neutron) matter modeled by a polytropic EOS. Such an EOS, being, on one
hand, relatively simple, reflects adequately the general properties of more realistic EOSs describing matter at small
and high densities and pressures. This EOS can be taken in the following form [24]:
p = Kρ
1+1/n
b , ε = ρbc
2 + np, (15)
with the constant K = kc2(n
(ch)
b mb)
1−γ , and the polytropic index n = 1/(γ − 1), and where ρb = nbmb denotes the
rest-mass density of the neutron fluid. Here nb is the baryon number density, n
(ch)
b is a characteristic value of nb, mb
is the baryon mass, and k and γ are parameters whose values depend on the properties of the neutron matter.
The literature in the field offers a variety of values for the parameters entering this EOS. This allows the possibility
of getting both weakly and strongly relativistic objects [24]. For simplicity, here we take only one set of parameters
for the neutron fluid. Namely, we choose mb = 1.66× 10−24 g, n(ch)b = 0.1 fm−3, k = 0.1, and γ = 2 [25]. We employ
these values for the parameters in the numerical calculations of Sec. III.
To carry out numerical calculations, it is convenient to rewrite the above equations in terms of dimensionless
variables. This can be done as follows:
ξ =
r
L
, Σ =
R
L
, φ(ξ) =
√
8πG
c2
ϕ(r) with L =
c2√
8πGϕ1
, (16)
where L is the characteristic size of the system. In turn, for the fluid density one can use the new reparametrization [26],
ρb = ρbcθ
n , (17)
where ρbc is the density of the neutron fluid at the center of the configuration. Then Eqs. (8)-(10), (12), and (14)
take the following dimensionless form:
−
[
2
Σ′′
Σ
+
(
Σ′
Σ
)2]
+
1
Σ2
= T˜ 00 , (18)
−Σ
′
Σ
(
Σ′
Σ
+ ν′
)
+
1
Σ2
= T˜ 11 , (19)
Σ′′
Σ
+
1
2
Σ′
Σ
ν′ +
1
2
ν′′ +
1
4
ν′2 = −T˜ 22 , (20)
φ′2 =
eνc−ν
(Σ/Σc)4
, (21)
σ(n+ 1)θ′ +
1
2
[1 + σ(n+ 1)θ] ν′ = 0. (22)
Here the dimensionless right-hand sides of the Einstein equations are:
T˜ 00 = B(1 + σnθ)θ
n − 1
2
φ′2, T˜ 11 = −Bσθn+1 +
1
2
φ′2, T˜ 22 = −Bσθn+1 −
1
2
φ′2, (23)
where B = (ρbcc
2)/ϕ21 is the dimensionless ratio of the fluid energy density to that of the scalar field at the center;
Σc and νc are the values of the corresponding functions at the center [see Eq. (26)]; σ = Kρ
1/n
bc /c
2 = pc/(ρbcc
2) is
a constant, related to the pressure pc of the fluid at the center. The values of the fluid parameters appearing here
are taken from the above text [see after Eq. (15)]. Eq. (12) has been integrated to give the expression (21) with the
integration constant chosen so as to provide φ′ = 1 at the center.
Eq. (22) may be integrated to give in the internal region with θ 6= 0 the metric function eν in terms of θ,
eν = eνc
[
1 + σ(n+ 1)
1 + σ(n+ 1)θ
]2
, (24)
and eνc is the value of eν at the center where θ = 1. The integration constant νc is fixed by requiring that the
space-time is asymptotically flat, i.e., eν = 1 at infinity.
51. Boundary conditions
We here consider neutron-star-plus-wormhole configurations that are asymptotically flat and symmetric under
ξ → −ξ. The metric function Σ(ξ) may be considered as a dimensionless circumferential radial coordinate. Asymptotic
flatness requires that Σ(ξ) → |ξ| for large |ξ|. Because of the assumed symmetry of the configurations, the center of
the configurations at ξ = 0 should correspond to an extremum of Σ(ξ), i.e., Σ′(0) = 0. If Σ(ξ) has a minimum at
ξ = 0, then ξ = 0 corresponds to the throat of the wormhole. If, on the other hand, Σ(ξ) has a local maximum at
ξ = 0, then ξ = 0 corresponds to an equator. In that case, the wormhole will have a double throat surrounding a
belly (see, e.g., Refs. [15–17]).
Expanding the metric function Σ in the neighborhood of the center
Σ ≈ Σc + 1/2Σ2ξ2
and using Eqs. (18) and (19), we find the relations
Σc =
1√
1/2−Bσ , Σ2 =
Σc
2
{
1−B [1 + σ(n+ 1)]
}
. (25)
Thus the sign of the expansion coefficient Σ2 determines whether the configurations possess a single throat at the
center or an equator surrounded by a double throat.
Equations (18)-(22) are solved for given parameters of the fluid σ, n, and B, subject to the boundary conditions at
the center of the configuration ξ = 0,
Σ(0) = Σc, Σ
′(0) = 0, ν(0) = νc, φ(0) = 0, φ
′(0) = 1, (26)
and also θ(0) = 1. Note here that, using (16), we can express the dimensional value of the derivative ϕ1 as follows:
ϕ21 =
c4
8πG
1
L2
. (27)
Thus the dimensional “kinetic” energy of the scalar field depends only on the value of the characteristic length L,
which can be chosen arbitrarily subject to some physically reasonable assumptions. Substituting this ϕ21 into the
expression for B [see after Eq. (23)], we find
B = 8πGρbc(L/c)
2. (28)
It is seen from the above expressions for ϕ21 and B that by fixing L, one automatically determines the value of ϕ
2
1.
But the value of B can still change depending on the value of the fluid density ρbc at the center. Therefore one can
consider B as a parameter describing the ratio of the fluid energy density at the center to the energy density of the
scalar field at the center.
Aside from giving the boundary conditions at the center, it is important for us to keep track of the behaviour of the
system on the other boundary – the surface of the fluid. Like the characteristics of the central region, the properties
of the fluid’s boundary (in particular, magnitudes of the surface red shift) will also be determined by the parameters
of the system. For more discussion of this issue, see Sec. III.
C. Completely degenerate Fermi gas
One more simple type of EOS used in the literature to model compact objects (white dwarfs and neutron stars [1],
dark matter stars [27]) is an EOS describing an ideal completely degenerate Fermi gas at zero temperature. Its
equation of state can be obtained by using usual expressions for the energy density and pressure [1]:
ε =
1
π2~3
∫ kF
0
k2
√
m2fc
4 + k2c2dk =
c5m4f
~3
1
8π2
[
z
√
1 + z2(1 + 2z2)− sinh−1(z)
]
≡ c
5m4f
~3
χ1, (29)
p =
1
3π2~3
∫ kF
0
k4c2√
m2fc
4 + k2c2
dk =
c5m4f
~3
1
8π2
[
z
√
1 + z2(2/3 z2 − 1) + sinh−1(z)
]
≡ c
5m4f
~3
χ2, (30)
where χ1, χ2 are the dimensionless energy density and pressure, respectively. Here mf is the fermion mass, kF is
the Fermi momentum, z = kF /(mfc) is the relativity parameter. Eqs. (29) and (30) yield a parametric dependence
p = p(ε).
6In two limiting cases, this EOS can be represented in simple power-law forms: (i) in the nonrelativistic case, z ≪ 1,
we get the polytropic law, χ2 ∝ χ5/31 , and (ii) in the ultrarelativistic case, z ≫ 1, we have χ2 = χ1/3.
Using this EOS and the dimensionless variables (16), we get for the right-hand sides of Eqs. (18)-(20)
T˜ 00 = B1χ1 −
1
2
φ′2, T˜ 11 = −B1χ2 +
1
2
φ′2, T˜ 22 = −B1χ2 −
1
2
φ′2, (31)
where B1 =
c5m4f
~3ϕ2
1
≡ 8πGL2m
4
fc
~3
. In turn, instead of Eq. (22), we have
dχ1
dξ
= −1
2
χ1 + χ2
dχ2/dχ1
dν
dξ
. (32)
1. Boundary conditions
As before, we choose the boundary conditions in the form of (26). Then, taking into account the expansion in the
vicinity of the center,
χ1 ≈ χ1c + 1
2
χ12ξ
2, χ2 ≈ χ2c + 1
2
χ22ξ
2, (33)
where χ1c, χ2c are the values of the dimensionless energy density and pressure at the center, one can obtain the
following expressions for the expansion coefficients of the metric function Σ:
Σc =
1√
1/2−B1χ2c
, Σ2 =
Σc
2
[1−B1 (χ1c + χ2c)] . (34)
Again, the sign of Σ2 determines whether the system is a single- or double-throat one.
As in the case of the polytropic matter, the dimensional “kinetic” energy of the scalar field (27) is determined
completely by the characteristic size of the system. For the fermionic gas under consideration, it is natural to use as
a characteristic size the Landau radius derived in considering compact configurations consisting of an ultrarelativistic
degenerate Fermi gas within the framework of Newtonian gravity (see, e.g., Ref. [27]):
RL =
~
c
MPl
m2f
, (35)
where MPl is the Planck mass.
In considering our mixed systems with the fermionic fluid, it is then natural to choose L = αRL, where α is some
free scale parameter. Using this L in the expression for B1 [see after Eq. (31)], we get B1 = 8πα
2. By choosing
different values of α, we can change the contribution in the right-hand sides of the Einstein equations (31) coming
from the fermionic matter.
III. NUMERICAL RESULTS
A. Procedure of finding solutions
When solving the obtained equations numerically, we proceed as in Ref. [17], where the solution search procedure is
described in detail. The procedure, briefly, is as follows. We solve the system of equations (18)-(21) and (22), (23) (for
the polytropic fluid) or (31), (32) (for the Fermi gas) with the corresponding boundary conditions (26) together with
(25) [for the polytropic fluid] or (33) and (34) [for the Fermi gas]. In doing so, the configurations under consideration
can be subdivided into two regions: (i) the internal one, where both the scalar field and the fluid are present; (ii) the
external one, where only the scalar field is present. Here the solutions are obtained by using Eqs. (18)-(21), in which
θ, χ1, χ2 are set to zero.
The internal solutions must be matched with the external ones at the boundary of the fluid, ξ = ξb, by equating
the corresponding values of the functions φ, Σ, ν and their derivatives. The boundary of the fluid ξb is defined by
p(ξb) = 0. The value of the integration constant νc at the center is determined proceeding from the requirement of
asymptotic flatness of the external solutions.
7As pointed out in Ref. [17], there exists a critical value of B, Bcrit, at which Σc → ∞ [see Eq. (25)]. Beyond
this critical value, physically reasonable solutions no longer exist. A similar situation takes place for the Fermi gas,
where some critical value of the coefficient B1 = B
crit
1 is also involved, see Eq. (34). In the present paper we will be
interested in solutions corresponding to the values of B and B1 close to the critical ones. Aside from this, as one can
see from (25), as B → Bcrit (that corresponds to Bσ → 1/2) the expansion coefficient Σ2 ∼ [(1 − n)/2−B]. Then for
the polytropic index n ≥ 1, which is often used in the literature in modeling relativistic objects, Σ2 will be certainly
negative. That is, if for small values of B there is a single throat located at the center of the configuration, then, as
B increases, the center of the configuration no longer represents a throat but instead corresponds to an equator. On
each side of the equator a minimal area surface (a throat) is located. In this case the resulting configurations represent
double-throat systems, where the space between the throats can be completely or partially filled by the fluid. The
latter situation is exactly the one that we consider below.
A similar situation is also found in the case of the Fermi gas.
B. Total mass of the system
For the spherically symmetric metric (3), the mass m(r) of a volume enclosed by a sphere with circumferential
radius Rc, corresponding to the center of the configuration, and another sphere with circumferential radius R > Rc
can be defined as follows:
m(r) =
c2
2G
Rc +
4π
c2
∫ r
Rc
T 00R
2dR ≡ c
2
2G
Rc +
4π
c2
∫ r
0
T 00R
2 dR
dr′
dr′, (36)
where we refer to the first term as the mass associated with the center, Mc, while the mass associated with the throat,
Mth, is obtained by integrating up to the throat radius Rth = R(rth). As pointed out in Ref. [17], despite the fact
that the size of the equator at the center Rc diverges as B → Bcrit, the size of the throat Rth, and correspondingly
the mass associated with the throat, remain finite. This is because the divergence of the positive mass at the center
Mc is exactly canceled by the mass associated with the mass of the ordinary fluid, which is negative in the case of
double-throat systems. This comes about because the derivative dR/dr is negative in the region where the ordinary
fluid is located, and therefore the mass integral associated with this fluid gives a negative contribution to the total
mass.
In the dimensionless variables the expression (36) takes the form
m(ξ) = M∗
{
Σc +
∫ ξ
0
T˜ 00Σ
2 dΣ
dξ′
dξ′
}
, (37)
where T˜ 00 is taken from (23) (for the polytropic fluid) or from (31) (for the Fermi gas). The coefficient M∗ in front of
the curly brackets has the dimension of mass
Mpoly∗ =
c3
2
√
B
8πG3ρbc
or MFermi∗ =
1
2
√
~3c3B1
8πG3m4f
for the polytropic and Fermi fluids, respectively. Note that the total mass M is then obtained by taking the upper
limit of the integral to infinity, since the energy density of the scalar field becomes equal to zero only asymptotically,
as Σ→∞.
For the case of a massless scalar field considered here, it is useful to write down another, more elegant definition of
the total mass via the Komar integral. The latter, in general, is defined as [28]
MK =
2
c2
∫
Σ
(
Tab − 1
2
gabT
)
naξbdV,
where na is a normal to Σ and ξb is a timelike Killing vector. Using the above dimensionless variables, we find for
the polytropic fluid
MpolyK = M
poly
∗ B
∫ ξb
0
eν/2Σ2 [1 + σ(n+ 3)θ] θndξ (38)
and for the Fermi fluid
MFermiK =M
Fermi
∗ B1
∫ ξb
0
eν/2Σ2 (χ1 + 3χ2) dξ. (39)
8Note that here the integration is performed only in the range from 0 to ξb, where there is a nonzero contribution
associated with the fluids.
It is seen from the expressions (38) and (39) that in order to ensure the finiteness of the total mass of the system
it is necessary that as B → Bcrit or B1 → Bcrit1 (when Σc →∞) the metric function eνc → 0 simultaneously (keeping
in mind that the functions θ, χ1, χ2 remain always finite). The numerical solutions presented below indicate that in
the vicinity of Bcrit and B
crit
1 this is indeed the case.
C. The choice of the density and pressure at the center
To carry out numerical calculations, it is necessary to assign the corresponding values of the density and pressure at
the center. In the vicinity of Bcrit and B
crit
1 , they can be found from the condition that the radicand in the expression
for Σc is approximately equal to zero. Then, taking into account Eq. (28), for the polytropic EOS we can obtain from
Eq. (25):
ρbc =
[
c4
16πGL2K
(1 − δ)
]n/(n+1)
, (40)
where δ ≪ 1 is some constant. In the limit δ → 0, the density ρbc at the center goes to its critical value.
In the same way, for the Fermi gas, using the condition that the radicand in the expression for Σc from (34) is
approximately equal to zero, one can find the value of the pressure at the center in the vicinity of Bcrit1 :
χ2c =
1− δ
2B1
≡ 1− δ
16πα2
. (41)
Here we used the expression for B1 obtained earlier [see after Eq. (35)].
Then, using the obtained expressions in the boundary conditions (25), (26), (33), and (34), we solved the equations
numerically according to the procedure described in Sec. III A.
D. Results of calculations
Examples of the obtained solutions are presented in Figs. 1-4. Fig. 1 shows the typical distributions of the total
and fluid energy densities for the mixed systems under consideration. The calculations indicate that when the scale
parameter α & 1/2 the total energy density has a characteristic well in the neighborhood of the throat located at
ξ = ξth. This is because the “kinetic” energy of the scalar field, which behaves here as ∼ eνc−νth (Σc/Σth)4 [see
Eq. (21)], exhibits fast growth due to the large value of Σc, on one hand, and to the small value of Σth, on the other
hand. This is accompanied by a simultaneous fast decrease (modulus) of the metric function ν, which, starting from
large values on the surface of the fluid, undergoes a sharp decrease as the throat is approached (see Fig. 2). The
ultimate result is that, for instance, at α = 1 in the vicinity of ξ = ξth the dimensionless total energy density is of the
order of |4× 105| (at δ = 10−15).
Fig. 2 shows the typical behavior of the metric functions Σ and ν in the external region of the mixed systems. For
the configurations under consideration with B ≈ Bcrit and B1 ≈ Bcrit1 , the throats always reside outside the fluid (for
systems with the throats located within a fluid, see Ref. [17]). The numerical calculations indicate that as α decreases,
the throat shifts further away from the surface of the fluid (in units of relative radii).
Figs. 3 and 4 show the total masses and the values of the metric function ν on the surface of the fluid, νsurfpoly = ν(ξb)
and νsurfFermi = ν(xb), as functions of the parameter δ. As δ → 0, the mass of the polytropic configurations increases,
tending to some finite value. This growth of the mass is accompanied by a simultaneous increase of the modulus of
νsurf. Thus, from the point of view of a distant observer, the surface of the fluid will look like a high-redshift surface,
i.e., in this sense the system will be similar to a BH. In turn, for any δ used here the radii of the fluids remain almost
unchanged (for the numerical values, see in captions of Figs. 3 and 4), but the gravitational radius of the systems,
rg = 2.95(M/M⊙) km, grows as δ → 0. Note that for the configurations considered here the radius of the polytropic
fluid is always less than the gravitational radius of the system as a whole.
A similar situation also takes place for the system with the fermionic fluid. The only difference is in the behavior
of the mass of the configuration for large α, when as δ → 0 the mass does not grow, but decreases (see the left panel
of Fig. 4). There, as in the case of the polytropic fluid, the modulus of νsurfFermi increases for any α (see the right panel
of Fig. 4). In turn, the radius of the Fermi fluid is always (for any δ) larger than the gravitational radius for α = 1
and less than it for α ≤ 1/2.
9FIG. 1: The total energy density T˜ 00 from Eq. (23) (for the system with the polytropic fluid) and from Eq. (31) (for the system
with the fermionic fluid) (both in units of ϕ21) are shown as functions of the relative radius ξ/ξb. The inset shows the fluid
energy densities B(1 + σnθ)θn (for the polytropic fluid) and B1χ1 (for the fermionic fluid). The numbers near the curves
correspond to the values of the scale parameter α for the Fermi systems. Since the solutions are symmetric with respect to
ξ = 0, the graphs are shown only for ξ > 0. The thin vertical line corresponds to the boundary of the fluids. For all plots, the
parameter δ is taken as 10−15. Asymptotically, as ξ → ±∞, the total energy goes to zero for all systems.
FIG. 2: External metric functions Σ and ν for the systems of Fig. 1 are shown as functions of the relative radius ξ/ξb. The
minima of the function Σ correspond to the location of the throat. The bold dots denote the minimum radius for a stable orbit
ξso (see below in Sec. IV). Asymptotically, as ξ → ±∞, the spacetime is flat with Σ→ |ξ| and e
ν → 1 from below.
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FIG. 3: Total mass and the surface value of the redshift function νsurfpoly for the system with the polytropic fluid are shown as
functions of the parameter δ. For all systems, the radius of the fluid is Rpoly ≈ 10.55 km.
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FIG. 4: Total mass and the surface value of the redshift function νsurfFermi for the systems with the Fermi fluid are shown as
functions of the parameter δ. For all systems, the fermion mass is taken to be mf = 1GeV. The parameter α takes the
values 1/10, 1/5, 1/3, 1/2, 1, from top to bottom. The radii of the fluid are: for α = 1 – RFermi ≈ 2.08 km; for α = 1/2 –
RFermi ≈ 1.44 km; for α = 1/3 – RFermi ≈ 1.14 km; for α = 1/5 – RFermi ≈ 0.84 km; for α = 1/10 – RFermi ≈ 0.55 km.
The numerical values of the masses and sizes of the systems with the Fermi fluid shown in Fig. 4 are given for
mf = 1GeV. For other mf the values of the total masses and sizes are derived from those of Fig. 4 by multiplying
them by the factor (1GeV/mf )
2, where mf is taken in GeV. There, the value of ν
surf
Fermi will remain the same for any
mf . Correspondingly, if we assume for definiteness that mf lies in the range 1 eV . mf . 10
2 GeV (such values are
used, for instance, in modeling dark matter [27]), the total masses and sizes of the configurations under consideration
will lie in a very wide range. For example, for mf equal, say, to 1MeV, the system with α = 1/3 and δ = 10
−15 has
the total mass M ∼ 5 × 106M⊙, and the radius of the surface of the fluid is R ∼ 106 km. A configuration with such
characteristics, possessing a high-redshift surface, might mimic BHs at the center of galaxies [29].
IV. THIN ACCRETION DISK
In this section we consider the process of accretion of test particles onto our configurations. The purpose is to find
out what are the differences between the mixed systems under consideration and BHs as regards the observational
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manifestations associated with the accretion process. To do this, we consider a relativistic model of a thin accretion
disk and analyze the properties of the energy flux emitted from the disk’s surface. Let us emphasize that here we do
not consider the question of the infall of accreting matter (plasma) onto the surface of the fluid and of changes in the
emission spectra associated with such a process, but restrict ourselves to the consideration of phenomena related to
the accretion disk only.
We will closely follow the work of Page and Thorne [30], who studied the model of thin-disk accretion onto a BH.
In considering the accretion process, it is assumed that the accretion disk consists of gas particles rapidly orbiting
a central strongly gravitating body. In such a process, the gas slowly loses angular momentum, for example, due to
the magnetic and/or turbulent viscosity [1, 31, 32]. It causes the gas to move slowly inwards, losing gravitational
potential energy and heating up the accretion disk. Eventually the gas has lost enough angular momentum that it can
no longer follow a stable circular orbit, and so it spirals rapidly inwards onto the central object. A fraction of the heat
converts into radiation and cools down the disk. The resulting emission may lie in various wavelength ranges (radio,
optical, and X-ray), and the analysis of its spectrum enables one to reveal the distinguishing features of objects onto
which the accretion occurs.
The model of Ref. [30] is based on a number of assumptions, including: (i) It is assumed that the accretion disk
has negligible self-gravity and reside in an external spacetime geometry (BH geometry in [30]). (ii) The disk lies in
the equatorial plane of the central object. (iii) The disk is assumed to be thin, i.e., its thickness is much less than
its radius. (iv) The physical quantities describing the gas in the disk are averaged over a characteristic time interval
∆t and the azimuthal angle ∆ϕ = 2π (not to be confused with the scalar field). (v) The energy-momentum tensor of
disk matter may contain any types of stress-energy. (vi) Heat flow within the disk is assumed to be negligible, except
in the vertical direction.
Based on these assumptions and using the laws of conservation of rest mass, angular momentum, and energy, one
can derive the following expression for the time-averaged flux of radiant energy flowing out of the upper or lower side
of the disk [30]:
F (r) = − M˙0c
2
4π
√−g
Ω,r(
E¯ − ΩL¯)2
∫ r
rISCO
(
E¯ − ΩL¯) L¯,rdr. (42)
Here Ω, L¯, and E¯ are the angular velocity, the specific angular momentum, and the specific energy of particles moving
in circular orbits around the central body, respectively; M˙0 = const. is the time-averaged rate at which rest mass flows
inward through the disk. The subscript , r denotes differentiation with respect to r. The lower limit of integration
rISCO corresponds to the innermost stable circular orbit (ISCO) from which the accreting matter starts to fall freely
onto the central object. In the derivation of formula (42) it is assumed that the “no torque” condition, according to
which the torque vanishes at the inner edge of the disk, is satisfied [30]. Such a condition is only valid when no strong
magnetic fields exist in the plunging region.
All quantities entering Eq. (42) depend on the radial coordinate r only. According to the above assumptions (ii)
and (iii), to describe the accretion process, one can introduce the following cylindrical line element in and near the
equatorial plane (|θ − π/2| ≪ 1):
ds2 = e2γ(dx0)2 − e2αdr2 − e2βdϕ2 − dZ2, (43)
where α, β, γ are functions of r only. [This metric is derived from the general spherically symmetric one by replacing
the usual angular coordinate θ by Z = eβ cos θ ≈ eβ(θ − π/2).]
Using this metric, let us integrate the geodesic equation. Since here we consider timelike geodesics for massive
particles, one can obtain the following expressions for the specific energy and the specific angular momentum: E¯ =
c2e2γ t˙ and L¯ = e2βϕ˙, where the dot denotes differentiation with respect to the proper time τ along the path.
Next, using a first integral of the geodesics equations gµν x˙
µx˙ν = c2 and substituting into it the above expressions
for E¯ and L¯, one can find the following “energy” equation for a particle
E¯2
c2
= e2(α+γ)r˙2 + Veff, (44)
where the effective potential is given by
Veff(r) = e
2γ
(
c2 + e−2βL¯2
)
. (45)
For circular motion in the equatorial plane, we obviously have r = const. Correspondingly, it follows from (44) that
Veff,r = 0. Using this condition together with Eq. (44) and the definition of the angular velocity Ω = dϕ/dt, one can
12
obtain the following expressions
Ω = ceγ−β
√
γ,r
β,r
, (46)
L¯ =
cΩe2β√
c2e2γ − e2βΩ2 , (47)
E¯ =
c3e2γ√
c2e2γ − e2βΩ2 . (48)
Using them in (42), one can find a dependence of the energy flux on the radius.
Since here we consider the mixed configurations closely mimicking black hole features, it is interesting to compare
the resulting fluxes for Schwarzschild BHs (SBHs) and our systems. To do this, let us first rewrite the obtained
expressions in terms of dimensionless variables.
A. The case of Schwarzschild black holes
The characteristic size of a SBH is its gravitational radius rg. Hence, it is convenient to introduce the dimensionless
radius x =
(
c2/GM
)
r ≡ 2r/rg, where M is the mass of the SBH. Then, taking into account that for this case the
metric functions from (43) are
e2γ = e−2α = 1− rg
r
, e2β = r2,
we have from (46)-(48):
ΩSBH =
2c
rg
x−3/2, L¯SBH =
c rg
2
x√
x− 3 , E¯SBH = c
2
(
1− 2
x
)√
x
x− 3 . (49)
As is well known (see, e.g., Ref. [26]), for a SBH, the radius x = 3 (or r = 3rg/2) corresponds to the radius for an
unstable circular orbit. In turn, for the ISCO xISCO = 6 (or rISCO = 3rg). This orbit is unique in satisfying both
Veff,r = 0 and Veff,rr = 0. The free radial infall of particles of the accretion disk starts from this orbit. Therefore, the
lower limit of integration in (42) is rISCO.
Taking all this into account, and also that for the metric (43)
√−g = r, one obtains the following expression for
the flux (42):
FSBH(x) =
3
2
M˙0c
2
πr2g
1
x5/2(x− 3)
{
√
x−
√
6 +
√
3
2
[
ln
(√
x+
√
3√
6 +
√
3
)
− ln
(√
x−√3√
6−√3
)]}
. (50)
B. The case of cold black holes
Another type of objects possessing an event horizon (both regular and singular) is the so-called cold black holes
(CBHs) [33–36]. They can be obtained, in particular, as a solution of the Einstein equations with the matter source
in the form of a massless scalar field [35] or the field with a potential energy [36]. Their distinctive feature is the
presence of the horizon of infinite area and correspondingly vanishing Hawking temperature.
The line element of CBHs is given by [35]
ds2 = c2padt2 − p−adr2 − r2p1−adΩ2 , (51)
with p = 1− r0/r, where r0 and the gravitational radius rg are related by r0 = rg/a.
In the special case a = 2 the CBHs possess a regular event horizon on which the curvature invariants remain finite
(for a detailed discussion, see Refs. [33–35]).
In order to compute the energy flux of radiant energy of the disk for such a CBH, we set
e2γ = e−2α =
(
1− r0
r
)2
, e2β ≡ R2 = r
2
1− r0r
.
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Then, using Eqs. (46)-(48), we find
ΩCBH =
√
2
c
r0
[
(z − 1)3
z5(2z − 3)
]1/2
, L¯CBH = c
√
2r0
[
z3
(2z − 5)(z − 1)
]1/2
, E¯CBH = c
2 z − 1
z
[
2z − 3
2z − 5
]1/2
, (52)
with z = r/r0, and for the radial coordinate of the ISCO zISCO = (7+
√
19)/2. Then the circumferential radius RISCO
(scaled by the gravitational radius) of the ISCO is equal to zISCO/(2
√
1− 1/zISCO) ≈ 3.128.
In principle, the flux FCBH(z) can be expressed in terms of elliptic functions. However, the expression is not very
instructive. Therefore, we omit it here.
C. The case of mixed system
The characteristic size of the mixed systems is L from (16). According to Eq. (3), the metric functions appearing
in (43) are γ = ν/2, α = 0, eβ = R. Then we have from Eqs. (46)-(48):
Ωmix =
ceν/2
L
√
ν′
2ΣΣ′
, L¯mix = c L
√
Σ3ν′
2Σ′ − Σν′ , E¯mix = c
2
√
2eνΣ′
2Σ′ − Σν′ . (53)
Here the prime denotes differentiation with respect to ξ from (16). Substituting these expressions into Eq. (42), one
can calculate the corresponding flux for the mixed systems under consideration:
Fmix(ξ) = −M˙0c
2
4πL2
Ω′mix
eν/2Σ
(
E¯mix − ΩmixL¯mix
)2
∫ ξ
ξISCO
(
E¯mix − ΩmixL¯mix
)
L¯′mixdξ. (54)
Note that Ωmix, L¯mix, and E¯mix entering Eq. (54) are taken from (53) without the dimensional coefficients, i.e., without
c and L.
In turn, the effective potential (45) takes the form:
V mixeff (ξ) = c
2 2e
νΣ′
2Σ′ − Σν′ . (55)
Taking into account that for the systems under consideration the positive function Σ does have a minimum some-
where in the external region, i.e., at ξ > ξb, and ν
′ always exceeds zero, it is seen from Eqs. (53) and (55) that the
denominator (2Σ′ − Σν′) inevitably crosses zero somewhere. Then E¯ → ∞, L¯ → ∞ at that point, and, analogously
to a BH, this point corresponds to the minimum radius for an unstable orbit. It may also be noted that, since Σ′ > 0
only in the region lying outside the throat (i.e., at ξ > ξth), all circular orbits (and correspondingly the accretion disk)
will certainly lie outside the throat (see Fig. 2 where the coordinates of the ISCOs ξISCO are shown by bold dots).
Note also that, since asymptotically Σ→ ξ and ν′ ∼ ξ−2, (2Σ′ − Σν′)→ 2.
Next, the remaining circular orbits can be found from the condition dV mixeff /dξ = 0, and the orbits are stable or
unstable if d2V mixeff /dξ
2 > 0 or d2V mixeff /dξ
2 < 0, respectively. Notice that V mixeff /c
2 → 1 asymptotically.
D. Results of calculations
Using Eq. (50), one can calculate the maximum value of the flux for a SBH:
FmaxSBH = 1.72× 10−4
M˙0c
2
πr2g
erg cm−2 sec−1. (56)
This maximum value is always (whatever the black hole’s mass) reached at the same radius xmax = 9.55, or, in
dimensional units, at rmax = 4.78 rg.
Then, to compare the fluxes of the mixed systems and SBHs with the same masses, it is convenient to express the
flux (54) in units of FmaxSBH . This yields
Fmix
FmaxSBH
= −1.45× 103
(rg
L
)2 Ω′mix
eν/2Σ
(
E¯mix − ΩmixL¯mix
)2
∫ ξ
ξISCO
(
E¯mix − ΩmixL¯mix
)
L¯′mixdξ. (57)
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FIG. 5: The fluxes for the mixed systems and BHs expressed in units of FmaxSBH from (56). The graphs for the system with the
polytropic and Fermi fluids are shown by thin solid and long-dashed lines, respectively. The Schwarzschild black holes and cold
black holes are represented by the thick solid line and the short-dashed line, respectively. The curves for the polytropic case
and the cold black hole (nearly) coincide. The abscissa indicates the sizes of the disk in units of xISCO (for a SBH) and ΣISCO
(for the mixed systems).
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FIG. 6: The proper distance between the ISCO and the center (measured in units of the proper distance between the fluid
surface and the center) for the mixed systems with the polytropic (left panel) and Fermi (right panel) fluids.
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Similarly, we scale the flux of the CBH by FSBH.
The corresponding graphs are plotted in Fig. 5. For purposes of comparison, it seems more informative to work in
relative units where the circumferential radius of the mixed systems Σ is normalized to the radius for the ISCO, ΣISCO
(for some mixed systems the location of the stable orbit is shown in Fig. 2 by bold dots), and the circumferential
radius of SBHs x is analogously normalized to xISCO. Then the flux for the mixed systems is calculated from formula
(57), and for SBHs – from (50), both in units of (56). Also, the figure shows the flux for the CBH. In this case
the profile of the flux distribution for SBHs remains unchanged for any mass, in contrast to the profile of the mixed
systems which changes depending on the particular values of the system parameters. Notice, however, that for the
mixed system with the polytropic EOS the dependence on δ is too small to be seen in the graph. Moreover, the graphs
for the CBH and the mixed system for δ = 10−15 nearly coincide. Thus, we conclude that in the limit of vanishing δ
(i.e., when B → Bcrit) the solution outside the neutron star coincides with the CBH solution. For the mixed system
with the Fermi gas the fluxes for different values of α can be distinguished, although they are close to the CBH case.
Compared with the case of a SBH, it is characteristic for the fluxes of the mixed system that the maximum value
is always lower, reaching ∼ 90% of the maximum for SBHs in all cases. In any case, for both types of mixed systems
the distribution of the flux along the radius differs considerably from the case of SBHs with the same masses.
Note also one more difference between the mixed systems under consideration and SBHs concerning the location
of the ISCO. In terms of the circumferential radius the ISCOs of a SBH are always located at rISCO = 3rg and those
of a CBH at RISCO ≈ 3.128 rg. For the mixed system we find that for the polytropic EOS R ISCO ≈ 3.12 rg, almost
independent of the parameter δ, while for the fermionic EOS R ISCO varies between ≈ 3.10rg for α = 0.1 and ≈ 3.13rg
for α = 1.0.
Since for wormholes the circumferential radius is not an appropriate quantity to specify the location of the ISCO,
we present in Fig. 6 the proper distance between the ISCO and the center in units of the proper distance between the
fluid boundary and the center. We note that for the mixed systems this quantity strongly depends on the parameters
δ and α.
Let us now estimate the efficiency of energy radiation, ǫ, in an accretion disc. The maximum efficiency is of the
order of the “gravitational binding energy” at the ISCO (i.e., the energy lost by a particle due to motion from infinity
to the lowest orbit) divided by the rest mass energy of the particle. For a SBH, the lowest orbit is the ISCO with
xISCO = 6, for a CBH – zISCO = (7 +
√
19)/2, and for the mixed system – ΣISCO. Then, using the expressions
for the specific energy (49), (52), and (53), we find that for the configurations considered above (with values of the
parameters α and δ for which the graphs of Figs. 3-6 are plotted) the efficiency is:
ǫSBH = 1− E¯SBH/c2 ≈ 0.05719, ǫCBH = 1− E¯CBH/c2 ≈ 0.05535, ǫmix = 1− E¯mix/c2 ≈ 0.055.
That is, the efficiency of the conversion of the accreted mass into radiation for the CBH and the mixed configurations
under consideration is approximately the same (∼ 5.5%) and differs slightly from the SBHs ∼ 5.7%.
Consider now the question of the spectrum emitted from the disk’s surface. For this purpose, we must determine
the spectrum emitted locally at each point of the disk and then integrate over the whole disk surface. Starting from
the assumption that the disk is optically thick, in the sense that each element of the disk radiates as a black body
with temperature T (r), one can define this temperature via the above flux by using formula F (r) = σSBT
4(r), where
σSB is the Stefan-Boltzmann constant. The total energy of such radiation (from both sides of the disk) at frequency
ω is
S(ω) = 2
∫
I(ω)dSd with I(ω) =
~ω3
2π2c2
1
e~ω/kBT − 1 ,
where I(ω) is the Planck distribution function, kB is the Boltzmann constant. The surface area of the disk Sd is:
Sd = 2π
∫ rout
rin
eβdr,
where rin and rout are the inner and outer radii of the disk [recall that β is the metric function from (43)]. (Note that
in calculating the above energy it is assumed that the radiation is formed on the disk surface at a depth of τff ≈ 1 [31],
where the subscript “ff” refers to free-free emission.)
Using these expressions, one can obtain:
S(ω) =
2~
c2
ω3
∫ rout
rin
eβ
e~ω/kBT − 1dr. (58)
If the disk is inclined with respect to an observer at angle i, defined as the angle between the line of sight and the
normal to the disk, then, to calculate the measured energy, the above expression should be multiplied by cos i.
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FIG. 7: The total energy emitted from the disk in terms of SSBH for a mass accretion rate M˙0 =
(
10−9M⊙/yr
)
(M/M⊙). The
graphs for the system with the polytropic fluid (left panel) and for the system with the Fermi gas (right panel) are shown.
Since in the present paper our aim is to reveal the observational differences between BHs and mixed systems, it is
more informative to calculate the relative energy of the mixed system Smix expressed in terms of the radiant energy
SSBH corresponding to a SBH with the same mass. In the above dimensionless variables this relation takes the form:
Smix(ω)
SSBH(ω)
= 4
(
L
rg
)2 ∫ ξout
ξISCO
Σdξ
e~ω/kBT − 1
/∫ xout
xISCO
xdx
e~ω/kBT − 1 . (59)
Since formally the disk extends to infinity, the upper limit of the integration ξout, xout → ∞. The expression (59)
gives the relative amount of the total energy emitted at the given frequency, but not the radial distribution of the
energy. That is, it is assumed that a distant observer measures this energy at the given frequency.
Note that since the mixed systems have a material surface, then as accreting matter falls onto such a surface, it
will emit a luminosity of the same order as the one emitted by the disk [32]. If the total luminosity approaches the
“Eddington limit”, LEdd ∼
(
1038erg/sec
)
(M/M⊙), then radiation pressure will destroy the disk, and the general
picture of the accretion will differ from the one implied by the standard thin disk model by Shakura & Sunyaev
considered here [31]. The latter assumes that the accretion rate is very sub-Eddington. Therefore we here consider
the “subcritical case” when the total luminosity is much less then LEdd. For this case the accretion rate
M˙0 ≪ M˙Edd ∼
(
10−8M⊙/yr
)
(M/M⊙) .
The results of the calculations from formula (59) for the X-ray band are shown in Fig. 7. For both types of
mixed systems, one can see marked differences in the emission spectrum, as compared with SBHs. In particular,
for the system with the polytropic fluid, as B → Bcrit (δ → 0) the energy radiated from the system is strongly
suppressed at frequencies ω & 1018Hz but demonstrates a considerable growth at ω . 1017Hz. On the other hand,
in the intermediate frequency range 1017Hz . ω . 1018Hz the curves are flat and lie near unity, which corresponds
to approximate comparability of the radiated energy of the mixed systems and SBHs. In turn, the Fermi systems
demonstrate a similar behavior: at the intermediate frequencies, the curves are flat; in the long-wavelength region of
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the spectrum, there is a significant growth of the amount of the radiated energy; in the short-wavelength region, the
energy of the mixed systems becomes strongly suppressed again.
V. DISCUSSION AND CONCLUSION
Black hole mimickers are quite popular objects of study. Possessing strong gravitational fields, large masses and
high-redshift surfaces, for a distant observer, they can look very similar to ordinary black holes. In addition, solutions
describing such systems are regular over all of spacetime, and this is one of their main attractive features. However,
such objects may also possess noticeable differences as compared with BHs. In particular, since their external spacetime
geometry differs from that of BHs, the motion of test particles in gravitational fields of BHs and BHMs will in general
be different. This manifests itself, for example, when one considers the process of accretion of matter onto such
objects. Then, depending on the particular type of BHMs, both the structure of accretion disks and their radiant
emittance (spectrum) will change.
Thus, if one intends to carry out a more or less complete mimicking of potentially observable characteristics of
BHs, one needs to obtain not just massive objects possessing high-redshift surfaces, but also to consider other (e.g.,
astrophysical) aspects shared by systems of this kind. Only when a proposed object demonstrates a behavior similar
to that of a BH with respect to a certain set of criteria, then it can be regarded as a BHM candidate.
Consistent with this, in the present paper we have considered mixed systems consisting of a wormhole (supported
by a massless ghost scalar field) threaded by ordinary matter (described here in the form of an isotropic perfect fluid).
To model the latter, we have employed two types of EOSs: the relativistic polytropic EOS, Eq. (15), and the EOS for
the ideal degenerate Fermi gas, Eqs. (29) and (30). The distinguishing feature of the mixed systems considered here
is that for the case when the energy density of the fluid at the center is of comparable magnitude to the one of the
scalar field (i.e., only when the parameters B and B1 are large enough), the throat of the wormhole can be shifted
away from the center of the system. Then the center corresponds to an equator surrounded by a double throat. As
the amount of ordinary matter increases, the throats shift further away from the center and can ultimately emerge
from the surface of the fluid (see Fig. 2 and our previous work [17]). In this case there are some critical values of the
parameters B and B1 at which physically reasonable solutions no longer exist, since then the circumferential radius
at the center Σc →∞.
An interesting feature of such mixed systems is that, as the numerical calculations indicate, even as Σc →∞ their
total masses remain finite. In turn, the value of the redshift function gtt = e
νc at the center goes to zero, which ensures
the mentioned finiteness of the mass [in this connection, see the definition of the total mass via the Komar integral
(38) and (39)]. Considering systems of this kind, we have shown that for both types of ordinary matter involved, there
exist static, regular, spherically symmetric, asymptotically flat solutions describing configurations with the ordinary
matter concentrated in the central region. By choosing the density of matter at the center and characteristic sizes
of the systems in such a way that the parameters B and B1 tend to their critical values, we have obtained massive
objects possessing high-redshift surfaces. For such configurations, we have found the typical distributions of the
energy density (Fig. 1) and of the external gravitational field (Fig. 2) along the radius. Also, we have calculated their
total masses and the sizes of the fluid surfaces (Figs. 3 and 4). Because of the presence of the latter, such objects,
in contrast to BHs, do have a material high-redshift surface that should result in, for example, additional changes in
the emission spectra associated with the process of accretion of matter onto such a surface (we did not consider such
a process here).
In this respect, such objects can be regarded as BHMs. On the other hand, in order to check their ability to mimic
BHs with respect to astrophysically observable manifestations, we have considered the process of accretion of test
particles onto both types of systems. For this purpose, we have used the well-known thin accretion disk model of
Ref. [30]. We have shown that for the mixed systems considered here:
• The maximum values of the flux of radiant energy flowing out of the disk are always lower, reaching ∼ 90% of
the maximum for Schwarzschild black holes in all cases.
• The fluxes for the mixed systems both with the polytropic and Fermi fluids are very close to those for the cold
black hole.
• In general, the minimum radii for a stable orbit (in units of the gravitational radius) exceed the corresponding
value of a SBH.
• The efficiency of the conversion of the accreted mass into radiation is about the same as for BHs.
• The X-ray blackbody spectrum differs substantially from that of SBHs, see Fig. 7.
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Thus it is seen that the mixed systems considered here, being similar to SBHs with respect to masses and the
presence of a high-redshift surface, possess specific features manifesting themselves both in the radial distribution of
the radiation flux F (r) and in the emission spectrum of the accretion disk. By choosing the parameters of the mixed
systems, we could not achieve a more or less acceptable coincidence between the characteristics of their spectra and
those of SBHs. In this aspect, apparently, one cannot refer to such systems as BHMs, as distinct from, for example,
the black-hole-like systems of Ref. [5] for which, by making an appropriate choice of the parameters of boson stars,
one can get emission spectra similar to those of SBHs. On the other hand, when considering systems containing only
wormholes [11], the fluxes and spectra also differ considerably from those of SBHs. But, as compared with ordinary
SBHs, the radiated energy is greater in the case of pure wormhole systems and smaller for our mixed systems. It
provides an opportunity to distinguish the external geometry of such mixed systems both from Schwarzschild and
pure wormholes geometries in astrophysical observations of emission spectra from accretion disks.
In conclusion, we would like to briefly address the question of stability of the mixed systems. Recent investigations of
Refs. [14, 17, 19] revealed that the mixed systems of the type considered here are unstable. Obviously, this instability
arises because of the presence of a wormhole based on a phantom field [35, 37, 38]. Possible ways to avoid such an
instability could be to consider mixed systems with initially stable wormholes. These could be (i) wormholes within
the framework of modified theories of gravity [39, 40]; (ii) rotating wormholes, when rapid rotation might favour
stabilization of the system [41]; (iii) special types of general-relativistic wormholes [42]. In any case, the consideration
of mixed systems with the aforementioned wormholes requires special studies both with regard to stability and with
regard to the very existence of the required solutions as a whole.
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